Within the past few years, atomically thin black phosphorus (BP) has been demonstrated as a fascinating new 2D material that is promising for novel nanoelectronics and nanophotonics applications, due to its many unique properties such as direct and widely tunable bandgap, high carrier mobility and remarkable intrinsic in-plane anisotropy.
Introduction
Since the rediscovery of black phosphorus (BP) from the perspective of a two-dimensional (2D) layered material in 2014, [1] [2] [3] [4] [5] [6] [7] [8] significant amount of scientific and technological interest has been attracted to investigate this fascinating new material, with intensive research efforts ongoing and focusing on its numerous new properties and novel applications. [9] [10] [11] [12] [13] Compared to other members of the 2D materials family, such as semimetallic graphene, 14, 15 semiconducting transitional metal dichalcogenides (TMDs), 16, 17 and insulating hexagonal boron nitride (hBN), 18 BP has many unique and attractive properties. Thin film BP exhibits a moderate and direct band gap within an appealing energy range, 1 and thus can bridge the energy gap between that of gapless graphene and relatively large-bandgap TMDs. Measurements of electric and optical properties of BP imply that it is a promising candidate for novel optoelectronic and photonic applications in the midinfrared to visible frequency range.
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Devices based on the linear optical response of BP, such as photodetectors [26] [27] [28] [29] and optical modulators, 30 have been reported. Besides, the nonlinear optical properties of BP in the perturbative regime have also been studied, demonstrating its great potential in light absorp- past five years, we have witnessed enormous exciting research progress demonstrating BP as a promising 2D material for both fundamental studies and various applications. However, the important extreme nonlinear behavior and ultrafast dynamics of atomically thin film BP under strong-field excitation have yet to be revealed.
In this paper, we report investigations of strong-field nonlinear optical properties of monolayer BP using first-principles simulations based on the framework of real-time timedependent density-functional theory (TDDFT). [37] [38] [39] Nonperturbative high harmonic generation (HHG) has been observed in BP up to the 13th order driven by a midinfrared femtosecond laser pulse at intensity of 2 × 10 11 W/cm 2 . Compared to other typical monolayer materials in the 2D materials family, i.e., graphene, MoS 2 and hBN, BP shows remarkably superior HHG properties with both higher cutoff energy and significantly enhanced intensity.
In addition, BP can exhibit strong in-plane anisotropy in HHG properties. This study advances the scope of the current research activities of thin film BP. The previously unidentified superior strong-field optical properties of BP may intrigue the community with novel applications such as developing conceptually new extreme-ultraviolet and/or attosecond photonic and optoelectronic nanodevices. It also offers an opportunity for understanding the ultrafast carrier dynamics of this emerging material.
Results
Crystal and band structures Figure 1 (a) shows the side view of the crystal structure of a monolayer BP, which includes two atomic layers of phosphorus atoms, since each phosphorus atom is covalently bonded to three adjacent atoms to form a puckered geometry. The lattice top view is shown in Fig 1(b) , exhibiting a hexagonal honeycomb structure. The x and y directions, and the corresponding armchair (AC) and zigzag (ZZ) directions respectively, are denoted in the HHG in solids is an emerging research field [46] [47] [48] [49] [50] [51] that provides exciting opportunities to study strong-field and ultrafast dynamics in the condensed phase 52-57 as well as a novel approach to develop compact extreme-ultraviolet and attosecond photonics. [58] [59] [60] [61] [62] HHG in 2D materials is of particular interest as the 2D system exhibits distinctive electronic properties and the study may lead to a new generation of nanoelectronic and nanophotonic devices.
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Figure 2(a) shows a representative high harmonic spectrum generated in monolayer BP at a peak pump intensity of 2 × 10 11 W/cm 2 and wavelength of 1600 nm. Well-defined spectral peaks at integer multiples of the fundamental pump frequency up to the 13th order can be observed. Only odd harmonic orders are present, reflecting the centrosymmetric nature of the crystal lattice. The results of simulations with different exchange-correlation functional, i.e., LDA and TB09 MGGA, are compared in Fig. 2(a) , which show the HHG spectra are not affected significantly by the choice of exchange-correlation functional. The difference in peak spectral intensity is less than a factor of three, which will not impact our conclusions.
Therefore, the LDA functional is used throughout the work unless otherwise specified. for the 5th, 7th, and 9th harmonic, respectively, which clearly show the nonperturbative character of the HHG process in this study. In contrast, in the perturbative limit, the intensity scaling for the nth harmonic would be I n L . We have also check that the HHG can operate at a wide range of laser wavelength, including the longer mid-infrared region. 69 The cutoff photon energy of the high harmonics for different driving wavelength is at the same level. Apart from monolayer BP, HHG in few-layer BP can also be expect, albeit may with reduced efficiency per layer.
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HHG mechanism
Two distinctive mechanisms, i.e., the interband and intraband mechanisms, have been identified to be responsible for HHG in solids, as schematically illustrated in Fig. 3(a) . In the interband picture, electron-hole pairs are generated, and then recombined to emit HH photons after accelerated by the laser field. Thus the interband HHG is associated with recolliding process born before the peak field. On the other hand, in the intraband process, acceleration of charge carriers driven by the laser field in anharmonic bands give rise to harmonic emission. Thus the intraband harmonics are emitted in phase with the laser field. we study here.
As significant intraband contribution implies electrons traversing a great part of the BZ, we then analysis the BZ explored by the electrons to gain further insights. We study the momentum space resolved subcycle dynamics of the excited electrons. Three typical cases are shown in Fig. 3 (c-e) Superior HHG properties Fig. 2(a) .
Current research of HHG in 2D materials has been primarily focused on graphene, Fig. 4 . The pump laser intensity is 2 × 10 11 W/cm 2 . The highest harmonic order observed in graphene is 9th, in agreement with the experimental result reported by Yoshikawa et al . 65 The HHG in MoS 2 is up to the 11th order, but the harmonic intensity is at the same level as that in graphene. Under the same pump condition, however, HHG signal in hBN is very weak. The harmonics are only up to the 7th order, and furthermore, the spectral intensity is lowered by several orders of magnitude. We note that in recent theoretical studies of HHG in monolayer hBN, HHG up to about 13th order are obtained driven by lasers with the same wavelength but with peak intensity 1-2 orders of magnitude higher.
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Thus it is reasonable to expect weak HHG response with our low pump intensity. In contrast, HHG in BP is remarkable, presenting superior properties compared to the others. The energy cutoff is the highest, extending to the 13th order. Moreover, the harmonic intensity is significantly higher than that in graphene, MoS 2 , and hBN. The intensity enhancement reaches one order of magnitude for the 3rd and 7th harmonics, and two orders of magnitude for the rest of the presenting harmonic orders compared to that of graphene and MoS 2 . The harmonic order and intensity may be further improved by optimizing laser parameters such as wavelength and intensities. The result here demonstrates the great potential of BP as an outstanding and promising candidate for developing novel optoelectronic and photonic nanodevices in the extreme-ultraviolet and/or attosecond regime.
The superior strong-field nonlinear optical properties of BP is related to its unique band structure and ultrafast carrier dynamics. To illustrate the dynamics of excited carriers, we
show the number of electrons excited to the conduction bands during the laser pulse for the three different samples in Fig. 4(b) . These carrier dynamics are in accordance with the HHG results shown in Fig. 4(a) . Besides number of carriers, the intraband contribution also largely depends on the shape of band dispersion. BP and graphene exhibit (near) linear band dispersion near the Fermi level. In comparison, the band is relatively flat for MoS 2 . Therefore, BP and graphene have a larger anharmonicity than MoS 2 . Taken these into account, MoS 2 has a HHG efficiency lower than BP but comparable to graphene.
Anisotropic HHG
Another attractive feature of BP, distinguishing it from many other isotropic 2D materials such as graphene and MoS 2 , is the remarkable in-plane anisotropic properties that may enable novel device applications. While many have studied the anisotropic properties in BP such as the electrical conductance, 2,8 thermal conductance, 36 and linear/nonlinear optical responses, 22, 86 etc., the anisotropic extreme nonlinear optical properties under strong-field excitations remain unexplored. Figure 5 (a-b) show the HHG spectra with excitation laser polarized either along AC (Γ-X) or ZZ (Γ-Y) direction for two different laser wavelength, i.e., 1600 nm and 2000 nm, respectively. Evident anisotropy in harmonic intensity and spectral width for each harmonic can be observed. The harmonic yield excited by laser polarized along the AC direction is higher than that along the ZZ direction. The anisotropic characteristic between the two directions driven by the 2000 nm laser is more evident than that by the 1600 nm laser. The largest difference in peak harmonic intensity can reach one order of magnitude. To understand these results, we plot the computed number of electrons excited 
Methods
The BP structure is studied by a semiperiodic supercell model, which is a rectangular cell containing four phosphorus atoms. A vacuum space of 30 Bohr, which includes 3 Bohr of absorbing regions on each side of the black phosphorus monolayer, is chosen to eliminate the interactions between adjacent layers and avoid unphysical reflection error in the spectral region of interest. We optimize the black phosphorus structure by using the CASTEP package, 40 and the Octopus package [42] [43] [44] is used for other calculations throughout this work.
The ground state geometric structure and electronic properties was determined within the density functional theory (DFT) framework in the local density approximation (LDA). The laser is described in the velocity gauge, which has a wavelength of λ L = 1600 nm (corresponding to a photon energy of 0.77 eV) and FWHM pulse duration of τ = 20 fs. The peak laser intensity in vacuum is I L = 2 × 10 11 W/cm 2 . The pulse has a sin-squared envelop profile and the carrier-envelope phase is taken to be Φ = 0. The monolayer BP is excited at normal incidence so that the driving electric field is in the x − y plane of the sample.
The HHG spectrum was calculated from the time-dependent electronic current j(r, t) as:
where F T denotes the Fourier transform.
The total number of excited electrons was calculated by projecting the time-dependent Kohn-Sham states onto the the ground-state Kohn-Sham states. As the n-th state evolves in time, it has some possibility to transit to other states and thus contain other ground-state components. The total number of excited electrons N ex (t) is calculated as:
where N e , φ n,k (t),φ m,k (0), f n,k , BZ denote the total number of electrons in the system, the time-dependent Kohn-Sham state at n-th band at k-point k, the ground-state (t = 0)
Kohn-Sham state at m-th band at k-point k, and the occupation of Kohn-Sham state at n-th band at k-point k, integration over the whole Brillouin zone, respectively.
The momentum-resolved number of excited electron N ex (k, t) is calculated as:
